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Abstract. Muon pair production through the radiative return is of importance for a measurement of the
hadronic production cross section in two ways: it provides an independent calibration and it may give
rise to an important background for the measurement of the pion form factor. With this motivation the
Monte Carlo event generator PHOKHARA is extended to include next-to-leading order radiative corrections

to the reaction e

e~ — pTu~ . Furthermore, virtual ISR corrections to FSR from pions are introduced,

which extends the applicability of the generator into a new kinematical regime. Finally, the effect of photon
vacuum polarization is introduced into this new version of the generator.

1 Introduction

The high luminosity of currently operating @- and B-meson
factories offers the unique opportunity to measure the fa-
mous ratio R = o(ete™ — hadrons)/opeint over a wide
range of energies in one single experiment, through the ra-
diative return. This possibility was suggested a long time
ago for pion-pair production [1]. In view of the capabilities
of the currently operating machines, the idea was revived
in [2], where the Monte Carlo event generator EVA was
constructed, which simulates the production of a pion pair
plus one hard photon from initial- and final-state radiation
(ISR and FSR). The program includes additional collinear
radiation from the incoming electrons through structure
function techniques and was used to demonstrate the fea-
sibility of such a measurement in ongoing experiments.

The generator was subsequently extended to simulate
the production of other hadronic final states: four pions
in [3,4] and nucleon pairs in [5], as well as muons [6].
The influence of collinear lepton pair radiation on these
measurements was investigated in [7].
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An important step forward was the evaluation of the
complete one-loop corrections to ISR [8,9] and the con-
struction of the event generator PHOKHARA [6], which
included these virtual corrections and the corresponding
radiation of two photons. PHOKHARA, like EVA, can be
easily used to simulate reactions with arbitrary hadronic
final states, once a specific model has been chosen for the
relevant matrix element of the hadronic current; it is cur-
rently available for 27, 47, pp and nn production [4-6] and
of course for muon pairs. A number of cross section measure-
ments based on the radiative return, which have made use
of simulations based on EVA and PHOKHARA, have been
presented recently: a precise measurement of the pion form
factor made by the KLOE Collaboration [10-13]; prelimi-
nary results on four-prong final states have been obtained
by the BABAR Collaboration [14]. Extensive discussions
of theoretical and experimental aspects of the radiative
return, including various topics not covered by the present
paper, can be found in the literature [15-30]; considera-
tions related to the radiative return can be found in [31,32];
perspectives of its use outside hadronic cross section mea-
surements and the long term potential of the method are
outlined in [33].

Considering measurements with a precision close to one
percent, FSR starts to become an issue, in particular the
contribution from the two-step process ete™ — yy*(—
7tw~) [18]. FSR has to be modeled separately for every
different mode. In leading order (LO), it is now included in
PHOKHARA for the 777~ and the u™ ™ modes, in next-
to-leading order (NLO), i.e. for the two- step process with
one hard photon from ISR and real plus virtual radiation
from the final state for 77~ only.
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It is the purpose of the present paper to extend the same
approach to final states with muon pairs. This is motivated,
on the one hand, by the fact that this reaction is an impor-
tant background for the pion form factor measurement, on
the other hand, by its use for a measurement of the ratio
between hadronic final states and muon pairs of the same
invariant mass. This might lead to a direct determination
of the R-ratio, with the cancellation of many uncertainties
that arise in the absolute cross section determination.

Although, technically speaking, the treatment of muons
is quite similar to that of pions, a number of physics aspects
are quite different. First of all, in contrast to radiation
from muons, the amplitude for photon radiation from pions
can only be parametrized by a model form factor, and
the model dependence becomes particularly relevant for
energetic photons. Then, at larger CMS energies, relevant
e.g. to the B-factories, the leading order FSR with only one
photon in the final state is strongly suppressed in the pion
case, as a consequence of the pion form factor, whereas
the point-like behavior of the muon leads to important
contributions from ISR as well as FSR in leading order.

In order to arrive at a full result for muon pair produc-
tion at NLO, corrections with combined virtual emission
from the initial state and real hard emission from the final
state (Fig. 1¢) must be included, and combined with those
from “simultaneous” soft real ISR and hard FSR (Fig. 1a).
To offer a uniform program, the same contributions will
also be included for pion pair production. However, we will
demonstrate that their effect is small already for KLOE
energies, in particular for the standard KLOE cuts, and
completely irrelevant for higher energies.

Finally we study the influence of the leptonic and hadro-
nic vacuum polarization on the radiative return, where we
adopt the parametrization suggested in [34]. For the mea-
surement of the integrated cross section with cuts suppress-
ing FSR, vacuum polarization just leads to a multiplicative
factor that can be taken into account by correcting the re-
sult at the end of the experimental analysis. The forward—
backward or the charge asymmetry, however, is affected by
vacuum polarization effects in a non-trivial manner.

Let us briefly outline the content of this paper. The
amplitudes for real and virtual radiation in NLO for muon
pair production, which are the main additional ingredi-
ents in the new program, will be introduced in Sect. 2.
Tests of the technical precision of the program and some
of its physics results will be presented in Sect. 3. The ISR
correction to real hard FSR for the 77~ mode will be in-
troduced in Sect. 4, which also contains a discussion of the
influence of this additional term on present experimental
studies. The implementation of vacuum polarization and
its effect on the cross section and asymmetries will be the
subject of Sect. 5. Section 6 contains a brief summary and
our conclusions.

2 FSR for muons at next-to-leading order
and its implementation in PHOKHARA

The most relevant contributions to FSR at NLO, which
are depicted schematically in Fig. 1, consist of double real

: FSR for muon pair production at next-to-leading order
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Fig. 1. NLO corrections to the reaction e™e™ — p ™ ~: a dou-

ble real emission, b virtual corrections to final-state vertex, and
¢ virtual corrections to initial-state vertex. Only representative
Feynman diagrams are depicted

photon emission diagrams, where one photon is emitted
off the initial-state leptons and the other is emitted from
the final state (Fig.1la), final-state vertex corrections to
single initial-state photon emission (Fig.1b), and initial-
state vertex corrections to single final-state photon emis-
sion (Fig. 1c).
The amplitude for the process depicted in Fig. 1a,
et (p1, Aet) + € (P2, Ae-) = 't (qu, M) + 117 (g2, A=)

+ (k1 A1) + k2, A2), (1)
is given by
(4ma)3/?
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with
§=Q%* (5

D is the current describing the pp~v final state [4],
which we now give below for completeness:

Q=pi+p2—k1i=q +q+k,

Do, At M) = ie{uf (@2, A ) A Qa)un (a1, ) (6)

(a2, M) B O)on (a1, M) |,

with
- 2¢s - €*(ka, Aa) + € (ka, Xo) k) o~
(s = G e R
_O’”_ (2(]1 'E*(k‘g,)\g) + ]CSLE*(IC%)\Q)_)
2ks - ’
- 2qo - €*(ka, Ao) + £*(kg, Ao) Thky ) o™
B (o) = Lo o e BLASNC
70-'U‘+ (2(11 . E*(lea)Q) + k;E*(kQa)Q)JF)
2ke - @1 ’

and ot = (I,40;), where oy, i = 1,2,3, are the Pauli
matrices and a® = a"aljf for any four-vector a*.
The virtual (Fig. 1b) plus soft photon corrections to the

final-state vertex can be written as [35]
@ cu 0
dofiinos = = 1" (L BS") dojgr(s) . (9)

where dol(g%{ is the leading order ete™ — uTu~~ cross
section, with the photon emitted off the initial leptons
only, and

nVrS(s', B5™)
1+ 32
— 2 " Jog(t) + 1| log(2uw') (10)
23,
log(t) [5 s s 1- 4
B C A el
1+ 42
By

2
X |:2L12 (115’%“) - % —log(t) log (1—;@‘)} .

E$" is the maximal energy of the soft photon in the s rest
frame, and

1-p
.= /1—4m2 /s, t= £
ﬂl /L/ 1+ﬁy,
w/ :Egut/ /S/, i — S/ +1 (11)
z, 2m;2¢
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The virtual (Fig. 1c) plus soft photon corrections to the
initial-state vertex can be written as [36]

a min 0
doteiRnos = = 0V S (s. BY™) doyda(s),  (12)

where dUI(JOS)R is the leading order ete™ — uTu~v cross
section, with the photon emitted off the final leptons only,
and, for m? < s:

oVHS = 2{(L— 1) log (2w) + ZL— 1 +c(2)} . (13)

Efyni“ is the maximal energy of the soft photon (or the min-
imal energy of the hard photon) in the s rest frame, while

L =log (S2> and w=EF"/\/s. (14)
m

(&

To match hard, soft and virtual radiation smoothly, the
energy cutoff (ES") has to be transformed from the rest
frame of the pu+ ™ system (with the photon emitted from
the final state) to the laboratory frame (eTe~ CMS frame)
(E,‘Ynin). In fact it is necessary to recalculate the soft pho-
ton contribution, as the cut on Q* = (¢; + ¢2)? depends
in the latter case on the angle between the two emitted
photons. Now

2

14
nVIS(s, ES™) = —2 " log(t) + 1
26,

/

s s
X [log(Zw) +1+ s log ((9/)} -2

1-4; log(t) [5
+log ( 1 “) - [s’ —Tm’, +3mix4

1+5
B

26, ? 1+ By
X [2Lig (1 flﬁu) - % — log(t) log (j;ﬂ’)] .

Using (2) to (15) the implementation of FSR in combination
with ISR is straightforward.

We have not included diagrams where two photons are
emitted from the final state, nor final-state vertex correc-
tions with associated real radiation from the final state [37].
This constitutes a radiative correction to FSR and will give
non-negligible contributions only for those cases, where at
least one photon is collinear with one of the muons. Box
diagrams with associated real radiation from the initial- or
the final-state leptons, as well as pentagon diagrams, are
also neglected. As long as one considers charge symmetric
observables only, their contribution is neither divergent in
the soft nor the collinear limit and thus of order o/t without
any enhancement factor. We want to stress that we have
included only C-even gauge invariant sets of diagrams (see
Fig. 9 of [18] for a graphical representation of the equiva-
lent set of diagrams in pion pair production). The box and
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Table 1. Total cross section (nb), corresponding to the Q*
distributions from Fig.2, for the process ete™ — pTp~v at
NLO, for different values of the soft photon cutoff

w Vs =1.02GeV 10.52GeV
107*  28.237(1) 0.19854(7)
107°  28.236(1) 0.19883(14)

pentagon diagrams that we have neglected are related to
ISR-FSR interferences, and therefore are suppressed after
suitable kinematical cuts used within the radiative return
method. One could also neglect some small contributions
from the diagrams taken into account, but they are kept
for the sake of completeness, as the full one-loop radiative
corrections will be consider in a future publication. At this
point these small contributions will become relevant al-
lowing for accurate calculations not restricted to radiative
return physical configurations.

3 Tests of the Monte Carlo program
and discussion of physical results

A number of tests were performed to ensure the technical
precision of the new version of PHOKHARA. The square
of the matrix element, summed over polarizations of the
final particles and averaged over polarizations of the initial
particles, was calculated with FORM [38], using the stan-
dard trace method. External gauge invariance was checked
analytically when using the trace method and numerically
for the amplitude calculated with the helicity amplitu-
de method. The two results for the square of the matrix
element summed over polarizations were compared numer-
ically. The code based on the result from the trace method
was written in quadruple precision to reduce cancellations.
The code based on the result obtained with the helicity am-
plitude method uses double precision for real and complex
numbers and is now incorporated in the code of PHOKHA-
RA 4.0. Agreement of 13 significant digits (or better) was
found between the two codes. The sensitivity of the inte-
grated cross section to the choice of the cutoff w can be
deduced from Fig. 2 and Table 1. For simplicity the same
separation parameter w was chosen for ISR and FSR cor-
rections. Choosing w = 10™* or less, the result becomes

independent of w, up to expected systematic differences
of order 10, These systematic differences are visible al-
ready in Fig. 2a, where x?/d.o.f. = 30/14, while in Fig. 2b
statistical errors are about 0.1%, and x?/d.o.f. = 3.5/7.

The tests prove that the analytical formula describing
soft photon emission as well as the Monte Carlo integra-
tion in the soft photon region are well implemented in
the program.

For the purpose of further tests we have also calculated
the integrated contribution of hard photon emission from
the final state to the ISR spectrum. Integrating over all
angles and energies, from ES" (defined in the s’ rest frame)
to the kinematical limit of the final-state photon, we find
that this contribution can be written as

cut) d ISR( )

H _ H
dUIFSNLo,f T n (

(16)

where

1+6,‘j'

Bu
x [Lig (1 - t;“) — Lig(tmt) + ((2) + log;(t)]

( Ecut)

2
—log(tm — t) l—guﬁ” log <t;n> -2
10g (tm) 1—@3{ M]
", {1—@%1 am)

4t(B2 — %) log(tm)
+(1+82) [bg ((1_ 2)(1— 2)) T ]
_;{17—@%—2%4}
{ 3— 1742

4ﬂm,6’,t

+

1
-3
—2log(1l — tyt),

—27+ 118 —

6(1—57)
1-03

(17)
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Fig. 3. Comparison between the LO FSR cross section cal-
culated analytically, (20), and calculated by PHOKHARA for
a fixed value of w = EI;““ /+/s. Errors represent one sigma
statistical errors
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For small ES™, w = ES"/v/s’ < 1, the function 1
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1+ 02
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By
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2
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"
log(t 4p7
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Adding virtual, soft (10) and hard (18) corrections, the
familiar correction factor [39]
1+

Bu

x [4Lig(t) + 2Liz(—t) — log(t) log ((1;-5?)3)]

n(s")

g2
+3log (1 6“) —log(83,)

43,
2
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is recovered.
For single-photon emission from the final state and no
further photon radiation, a formula similar to (16) holds:
« .
ofsn=— 05 By ol (), (20)
with #f! defined in (17), EM™ defined now in the s rest
i?r)e*—ufrp
the process ete™ — puTp™.

The results of the tests are collected in Figs.3 and 4
proving the excellent technical precision of this part of
PHOKHARA, well below 0.05%. Results of similar tests at
NLO are collected in Fig. 5, where results of PHOKHARA
are compared with the analytical result of (19). The latter
checks the technical precision of the implementation of
double-photon emission, where one photon is emitted from
the initial state and the other from the final state, together
with the corresponding virtual and soft corrections to the
final-state vertex. An agreement of 1% on the function 7
means in fact an agreement better than 10~* on the cross
section thanks to the additional factor a/m (compare (9)
and (20)).

The relative size the NLO FSR contributions to the
ete™ — utp~y(y) cross section introduced in PHOKHA-
RA depends on the event selection used. In the following,
we will indicate some of its characteristic features. In Fig. 6a
the Q? differential cross section is shown with two peaks at
low (“soft” muon pair production) and large Q? (soft pho-
ton emission) values. In Fig. 6b the corresponding relative
NLO FSR contributions are shown. They are Q2-dependent
and might be as big as a few per cent. As seen by compar-
ison of Figs. 6b,c the relative size of this contribution does
depend on the event selection used.

At KLOE, the process eTe™ — putu~v(y) is a back-
ground to the measurement of the ete™ — 777~ cross
section by the radiative return method, due to possible
pion—muon misidentification. The angular cuts used by now
by KLOE diminish the low Q2 part of the cross section,
while the track mass cut, which is specifically introduced to
constrain the final state to configurations with 77~ and
one photon only [40], does not allow for events with ptpu~
and one photon only (see Fig. 7a for corresponding cross
sections). If only angular cuts are applied, the newly intro-
duced corrections are at the level of a few per cent (Fig. 7b).
However, if in addition the track mass cut is applied, leaving
only events with two hard photons, the contribution of one-
photon ISR plus one-photon FSR to the two-photon sample
is up to 35% of the two-photon ISR sample (Fig. 7c), thus
this contribution is indispensable for a reliable background
estimate. The left-over two-hard-photon corrections, with
both photons emitted from the final state, are expected
to be smaller, but will be relevant anyhow if the precision
requirement for the background estimate is of the order of
a few per cent.

The process eTe™ — uTp~ () is even more impor-
tant for BABAR, where it is used as Q?-dependent lumi-
nosity monitoring. As a result the accuracy requirement is
higher. In Fig.8 some features of the newly implemented
corrections are shown in the interesting Q? range, from the

frame and o _ the lowest order cross section of
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point of view of using the radiative return method for mea- size of those corrections is quite small, of the order of 1%,
surements of the hadronic cross section. In Fig. 8a the Q2 if no angular cuts are applied; but, as shown in Fig.8c,
differential cross section is given, including and excluding their relevance depends on the event selection and the cor-
NLO FSR corrections. As seen from Fig.8b the relative
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Fig. 4. Comparison between the LO FSR cross section calculated analytically, (20), Fig. 5. Comparison between analytical
and calculated by PHOKHARA for a fixed value of /s = 1.02 GeV. Errors represent function 7 ((19)) and n obtained from
one sigma statistical errors PHOKHARA for /s = 1.02GeV
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Fig. 6. The size of the NLO FSR corrections (IFSNLO) compared with the sum of NLO ISR and LO ISR and FSR contributions

(TFSLO) to the eTe™ — uTu~~(y) cross section: a Q? differential cross sections with no angular cuts; b relative difference of
the cross sections with no angular cuts; c relative difference of the cross sections with angular cuts chosen to suppress FSR
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The size of the NLO FSR corrections (IFSNLO) compared with the sum of NLO ISR and LO ISR and FSR contributions

(IFSLO) to the eTe™ — pTu~v(7y) cross section: a @2 differential cross sections with angular cuts used by KLOE; b relative
difference of the cross sections with angular cuts used by KLOE (no track mass cut); c relative difference of the cross sections
with angular cuts used by KLOE (with track mass cut). The track mass cut allows only for two-photon events and here IFSR,
stands for two- and one-photon ISR + one-photon FSR, while ISR stands for two-photon ISR only
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Fig. 8. The size of the next-to-leading FSR corrections (IFSNLO) compared with the sum of NLO ISR and LO FSR contributions
(IFSLO) to the eTe™ — utp~~(y) cross section: a @2 differential cross sections with no angular cuts at B-factories; b relative
difference of the cross sections with no angular cuts; c relative difference of the cross sections with angular cuts resembling the
BABAR detector (in e"e™ CMS). If two photons are emitted, both hard (with energy > 100 MeV) photons are required to be
within indicated angular cuts
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20+
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— t _ ./ —
Fig. 9. Virtual a and real b radiative corrections to real FSR where w = E3" /\/g’ .ﬂ“ = V1-4m/s" and t; = (1 N
emission from two-pion final state Br)/(1 + Br), while, with a soft photon energy cut EX'"

in the ete™ CMS frame, they read

rections can be as big as 10% for some event selection and V+S / miny 14+ ﬁfr
Q? range. n (s, s EYT) = =2 2. log(t,) + 1
8/

s
X {log(2w) +1+ o log (s’)]

4 ISR corrections to FSR real hard emission

. . 2 2
for two-pion final state 2 ; Bz log(t,) — 2 + log (1 —4@) (22)
Initial-state vertex corrections to FSR for the reaction 1+ 32
ete™ — wtn~y (Fig.9a) were not included in version o3

3.0 of PHOKHARA, and therefore, for consistency, dou- - 28

ble photon radiation (Fig.9b) was restricted to emission + Or . b 2

of hard ISR. In the pr(gsent ve)rsion of the event generator, ” {_ log(tx) log ( 2 ) + 4Lt (1 + ﬂw) o } ’

PHOKHARA 4.0, these corrections [36] have been added

and the generation of double photon emission is uncon- where w = E;“i“ //s.

strained, provided that one of the photons is hard. The The numerical importance of the corrections from Fig. 9

virtual and soft corrections to the initial-state vertex are depends on the event selection. If no angular cuts are im-

identical to the muon case and (12) holds, with daéOS)R now posed they contribute up to 2-3% to the Q? differential cross

being the leading order ete™ — w7~ cross section, and  section, as shown in Fig. 10. However, for KLOE cuts used

the photon being emitted off the final pions only. for low-angle measurements of the pion form factor, the ad-
We report here also formulae analogous to (10) and (15),  ditional IFSNLO corrections, not included in PHOKHARA

as we have found representations simpler than previously 3.0, are well below 0.1%, as anticipated in [18]. It is shown in

reported in [18]. The virtual plus soft corrections, with soft  Fig. 11 for event selections with and without the track mass

photon energy cut ES" in the s’ rest frame, read cut. It is worth mentioning that the IFSNLO corrections

change also the ratio

pV S (s BS) = —2 {1 + 5 log(tx) + 1] log(2w) o do,
o R(Q?) = ! (1 L) aQ° (23)
25 10g(4,) — 2+ log (1;@%) (21) B2 F(Q?)]? Z%; ’
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0 e ) which is expected to be 1 for ISR only, when no cuts are
L tim ok N applied. From Figs. 12 and 13 it is clearly visible that one
—0.005 = ; : d T e has to take the IFSNLO corrections into account and use
T ‘ ) a Monte Carlo event generator, when extracting the pion
Sl —0.01 [ - . . :
eTg L Lo form factor from the ratio of pion and muon cross sections.
S 0015 b o This is true at both - and B-factories. A similar situation
EF" P P can be expected for other hadronic final states.
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Fig. 10. Comparison between PHOKHARA 3.0 and With the actual implementation of [34]. As can be antici-

PHOKHARA 4.0 for /s = 1.02GeV. The pion and photon(s) pated from Fig. 1, the vacuum polarization corrections are

angles are not restricted calculated at different scales for different types of diagrams
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Fig. 14. The energy dependence of A« calculated by the pro-
gram of [34]
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Fig. 15. The relative difference of the forward—backward asym-
metry of the pion polar angle distribution, calculated with and
without vacuum polarization contributions

(Q2, Q?, s, etc.). In the energy range that is important for
measurements of the components of the hadronic cross
section through the radiative return method, the vacuum
polarization corrections have a non-trivial behavior (see
Fig.14) due to the hadronic contributions. For event se-
lections, for which only ISR corrections are important, the
vacuum polarization contribution is just a multiplicative
factor depending on ()2, so that one can correct the event
generator results even after generation. However, for event
selections where other contributions are also important,
event generation with complete implementation of vacuum
polarization might become necessary. An example is shown
in Fig. 15, where the vacuum polarization contributions do
change the forward—backward asymmetry of the pion polar
angle distribution. The effect, of up to 5%, is mainly caused
by the choice of s in the close vicinity of the @ resonance,
which is nothing but the KLOE case. As seen in Fig. 14 the
vacuum polarization around the @ is much larger than at
lower energies. As a result, the vacuum polarization correc-
tion to the ISR-FSR interference, which contributes to the
numerator of the asymmetry, is larger than the correspond-
ing corrections to its denominator, which is dominated by
ISR. Therefore, vacuum polarization corrections do not
drop in the ratio. This effect has to be taken into account,
when studies of model dependence of FSR are performed.
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6 Summary and conclusions

Precision measurements of the hadronic cross section
through the radiative return to an accuracy of about 1%
require the full understanding of radiative corrections and
their implementation in a Monte Carlo event generator. For
this reason a number of new features have been introduced
into the Monte Carlo event generator PHOKHARA.

In a first step we presented the formulae for real and vir-
tual radiation, which are required to describe FSR for muon
pair production through the radiative return in next-to-
leading order. This includes a specific set of virtual correc-
tions as well as real radiation. The Monte Carlo event gen-
erator PHOKHARA has been upgraded and, in its present
form, also simulates the contribution from the “two-step”
reaction ete™ — vy*(— 7). The technical precision
of the generator in this new mode has been demonstrated
to be better than 107%. It is shown that the relative im-
portance of this NLO correction depends strongly on the
details of the experimental cuts.

The program has also been extended to the case of
pion production. In particular corrections from virtual plus
soft ISR, in combination with hard FSR, have been in-
troduced. Although the impact of this additional piece is
small, as far as actual measurements at KLOE or the B-
factories are concerned, it is required for a complete NLO
treatment of the radiative return for pion-pair produc-
tion. Another straightforward upgrade is the introduction
of vacuum polarization in the photon propagator. As far
as charge-symmetric cross section measurements are con-
cerned, this effect can just be considered as a multiplica-
tive, Q2-dependent change of the normalization. However,
interference terms between amplitudes with virtual pho-
tons of different virtualities, which are relevant to e.g. the
forward—backward asymmetry, do lead to modifications of
the results at the level of several per cent.
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